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Role of Three-Dimensional Instabilities in Compliant Wall
Boundary-Layer Transition

Ronald D. Joslin,* Philip J. Morris,t and Peter W. Carpenteri
Pennsylvania State University, University Park, Pennsylvania 16802

The use of passive devices to obtain drag and noise reductions or transition delays in boundary layers is
highly desirable. One such device that shows promise for hydrodynamic applications is the compliant coating.
In the present study, a mechanical model is chosen to represent the compliant wail. In previous two-dimensional
studies, coatings were found that provided significant transition delays. The present study allows for three-
dimensional waves. These instabilities are found to dominate transition over compliant walls. However, transition
delays are still obtained, compared with transition predictions for rigid walls. The angles of wave propagation
and obliquity are determined as a function of Reynolds and frequency. The propagation or group velocity
direction is found to be nearly axial. Calculations at fixed Reynolds numbers are also presented. These results
indicate that the dominant mode for the coatings considered occurs for an oblique angle of approximately 40—
60 deg. Other modes of instability that arise as a result of the compliance are discussed.

I. Introduction

HE use of compliant, or flexible, coatings for transition

delays in boundary layers was stimulated by Kramer!~*
in the late 1950s. Subsequent experiments failed to substan-
tiate Kramer’s results. However, a number of theoretical stud-
ies laid the foundation for all future studies with compliant
walls. Among these are Benjamin,*~* Landahl,® and Gyor-
gyfalvy.’* Benjamin and Landahl separated the modes of in-
stability over a flexible surface into three classes: A, B, and
C. Examples of these are the Tollmien-Schlichting instability
(TSI), which is a class A instability, and traveling-wave flutter
(TWF), which is a class B instability. The class C instability,
which includes static divergence, takes the form of a Kelvin-
Helmholtz instability and may be represented as a function
of the surface properties only. Unlike conventional class C
instabilities, static divergence is an absolute instability that
when present destroys any transition delay potential that the
surface may have otherwise had. Class A disturbances are
generally destabilized by damping whereas class B disturb-
ances are stabilized. Thus, attempts to stabilize class A insta-
bilities have usually led to a destabilization of the class B
instabilities.

Recent experiments by Daniel et al.,'! Willis,'? and Gaster*?
and theoretical investigations have been performed to develop
an improved understanding of the instabilities arising from
the fluid/solid interaction. These stem from the arguments
made by Carpenter and Garrad.'*'¥ They explain the defi-
ciencies in the early experiments. Further, they argue that
Kramer’s coatings could lead to substantial delays in transi-
tion. Many other theoretical studies have been carried out in
recent years, most of which have considered isotropic com-
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pliant-wall models similar to Refs. 14 and 15 or one- and two-
layer isotropic coatings. By and large, these recent studies
have confirmed that the use of wall compliance can confer
considerable benefits in terms of reduction in instability growth
rates and transition delay. Recent reviews of compliant-wall
boundary-layer research have been given by Carpenter'® and
Riley et al.!?

Many previous studies have focused on two-dimensional
instabilities over compliant walls. However, the effective wall
compliance decreases as the mainstream flow speed drops.
Thus, as pointed out by Yeo,' since obliquely propagating
waves have a reduced effective mainstream speed as com-
pared with two-dimensional waves, oblique TSI would ex-
perience reduced effective wall compliance. Consequently,
the stabilizing effects of wall compliance on oblique TSI would
be reduced as compared with their two-dimensional counter-
parts. This may well result in oblique TSI growing more rap-
idly over a compliant wall than the corresponding two-di-
mensional waves. In fact, this is in evidence in the results
presented by Yeo' and Carpenter and Morris'”* in a pre-
liminary study. In the present paper. we present the results
of a detailed investigation of the effect of wall compliance on
both two- and three-dimensional disturbances in the form of
traveling waves. Comparisons are made of the growth rates
of these disturbances over isotropic and nonisotropic com-
pliant walls with the rigid wall case. We choose, as repre-
sentative examples, particular isotropic and nonisotropic coat-
ings that show significant transition delays in the two-
dimensional case. The properties of the coatings were given
by Carpenter and Morris.'”-*' The optimization procedure in-
volves making the wall instabilities, TWF, and static diver-
gence marginally stable and then reducing the Tollmien-
Schlichting instability to meet some desired goal. This would
be either a local reduction in growth rate or a reduction in
the overall amplitude growth of the wave. We use the ¢”
method of Smith and Gamberoni** to make transition pre-
dictions for two- and three-dimensional traveling waves.

In the present analysis the compliant wall is represented by
a mechanical model. The model is based on a concept by
Grosskreutz*-** that he used in his study of drag reduction in
turbulent boundary layers. He proposed that such a surface
would lead to a negative production of Reynolds stress near
the wall. This was achieved by linking the streamwise and
normal motions of the surface. Although his experimental
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results were disappointing, such a concept is appealing par-
ticularly for delaying transition in laminar boundary layers.
The model has been investigated previously by Carpenter and
Morris?! and Joslin and Morris® for two-dimensional transi-
tional boundary layers. Their results indicate that an appro-
priate choice of wall properties leads to a significant reduction
in the flow instability growth rates without the introduction
of static divergence or the occurrence of significant growths
of other wall instabilities. Further, substantial delays of tran-
sition are predicted as compared to the rigid wall calculations.

In the present paper, we extend the study to three-dimen-
sional instabilities over a compliant wall. The problem takes
the form of an eigenvalue problem where the eigenvalue ap-
pears nonlinearly and is of the highest order in the boundary
conditions. The problem is formulated in the next section. A
number of methods of solution are available that have been
implemented by the authors. In this paper a local shooting
method is used. The method is outlined in the third section.
The results and conclusions follow in the fourth and fifth
sections, respectively.

II. Theoretical Model

In this analysis we assume that the laminar boundary-layer
flow is parallel and is represented by the Blasius profile U, ().
A disturbance is introduced into the boundary layer and grows
or becomes damped as it propagates with the flow. The dis-
turbance takes the form of a traveling wave. A normal mode
representation is given as

v(x,y,z,t) = P(y)E + c.c. (1)

where 7 is a complex eigenfunction; the pressure and vorticity
fluctuations, etc., are represented in a similar manner. In the
general case

E = expli{loax + Bz — ot)] 2)

where a and f are complex wave numbers and w is a complex
frequency. For three-dimensional temporal instabilities, o and
B are both real, and w is the complex eigenvalue. For the
more realistic case of spatially growing waves, one can follow
Nayfeh? and define a wave number vector («,.3,) with a wave
angle of ¢,, = tan~!(f,/a,) and a growth rate vector («;,B;)
with direction ¢, = tan~!(B/x;). In general, ¢, and &, are
not equal. However, Nayfeh® and Cebeci and Stewartson®’
use the saddle point method to show that far from a disturb-
ance source the fluctuation is dominated by wave components
for which

da =z

— +=-=40 3
B x 3)
For real values of z/x, the Cauchy-Riemann equations require
that

-z do,

t =, — =0 4
X aB, )

Thus, the group velocity angle that defines the direction of
energy propagation is given by

- oo,

= —t 1| 2
The axial growth rate of the fixed frequency wave is given by
= —(a + B tand) (6)

However, Eq. (4) does not remove all arbitrariness from the
problem. In addition, we may require that the growth rate in
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Eq. (6) be maximized. It is shown in the following that tand
is small, particularly when |a,] is large. Thus, a reasonable
estimate of the growth rate is obtained by setting

[~ -a, with j—g =0 7)

»

The growth rate given by Eq. (7) is used in the e” calculations.
However, as a simpler preliminary study of local three-di-
mensional effects, we also consider the representation

E = expli(y cosdx + v sindz — of)] (8)

This assumes that ¢, = &, (=¢, say) that, as noted above,
is not true in general. The results of calculations using Eq.
(8) are related to the local growth of a disturbance that has
an imposed obliquity. This could be introduced by a wave-
maker or heating strips as used by Corke and Mangano.*®
The advantage of this formulation is that it is simpler and
does provide a qualitative picture of the relative growth of
the two- and three-dimensional disturbances for various wall
properties. The subsequent analysis uses the representation
of Eq. (8), although calculations have been performed using
both this representation and that of Eq. (2).

The variables are nondimensionalized with respect to the
boundary-layer displacement thickness 8* (or the boundary-
layer thickness 3), the freestream velocity U.., and density p.
The Reynolds number is given by R;. = U.8*/v, and R, is
the Reynolds number based on x. Three-dimensional dis-
turbances can be shown to satisfy the Orr-Sommerfeld equa-
tion and Squire’s equation in terms of the normal velocity
(P) and vorticity (£), respectively. These equations are

)+ a)V') + a()P() =0 9)

where

a,(y) = —2v* — iRy[y cosdU,(y) — o]
a(y) = v + i¥YRy[y cosdU,(y) — o] + iRyy cosdU.(y)

and

Y'0) + a0)) + a()p) = 0 (10)

where

ax(y) = =¥ — iRy cosdU,(y) ~ w]
a,(y) = —iRyy sindU.(y)

We require that the velocity fluctuations vanish far from
the wall. So the far-field boundary conditions may be written

by, YO,

The remaining three boundary conditions are derived from
the equations governing the motion of the compliant wall.

The theoretical model for the wall consists of a thin, elastic
plate supported by hinged and sprung rigid members inclined
to the horizontal at an angle 6, when in equilibrium. The
modelis illustrated in Fig. 1. The surface is permitted to move
in both the horizontal and vertical directions. The motion of
the plate is treated such that each element of the plate can
oscillate in a pendulum-like motion about its rigid member.
The distance between each member is assumed to be much
smaller than a characteristic wavelength of the flow instability.
This mechanical model may be regarded as an approximate
mode] for a flexible plate supported by fiber-composite sheets
or a thin plate supported by ribs that extend spanwise. Thus,
it becomes comparatively stiff in the spanwise direction.

Ay —0 a5 y—= (1)
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Fig. 1 Schematic of theoretical model of a nonisotropic compliant
wall.

For small displacements of an element out of equilibrium,
the surface moves in a direction perpendicular to the rigid
swivel arm. The equation of motion for the element is ob-
tained such that the total force acting on the surface by the
fluid fluctuations is balanced by the forces due to the wall
properties. Let (x,y,z) be the streamwise, normal, and span-
wise independent coordinates; let (£,m,{) be the streamwise,
normal, and spanwise surface displacements; 86 is the angular
displacement of the element relative to the equilibrium po-
sition; € is the swivel-arm length; p,, and b are the plate density
and thickness; B,, B,,, and B, are the flexural rigidities of
the plate in the streamwise, transverse, and spanwise direc-
tions; E, and E, are the moduli of elasticity of the plate in
the streamwise and spanwise directions; K is the effective
spring stiffness; and p, o, and + are the pressure, viscous
normal stress, and viscous streamwise shear stress fluctuations
in the fluid acting on the wall. Then, in the streamwise di-
rection the resulting equation is given as

2, 84 64 (:)4
pmba—n + Bx—n + 2B, % + B:,—T] cos6
ar ax* *ax2az? dz?
AP )
+ Kem — Eb——sinf cosd = —p cos’d
+ o cos?0 + T sind cosh (12)

The terms of the left-hand side of Eq. (12) refer to mechanical
forces, and the terms on the right-hand side refer to fluid
motion forces due to viscous stress and pressure fluctuations.
For 8 = 0 deg the wall becomes isotropic and reduces to the
theoretical model studied by Carpenter and Garrad.'*'s
Otherwise the wall is referred to as nonisotropic, and the rib
angle is determined by 6. For E, = E. the plate is described
as isotropic, and for E_ # E_ the plate is orthotropic.

The effective spring stiffness incorporates the body forces
such that

K. = K =gl - p,) cost (13)

where K is the spring stiffness, g is the acceleration due to
gravity, and p, is the substrate density. In this investigation,
we will only consider the case where the fluid and substrate
have the same density (p = p,). so K, = K.

The flexural rigidities can be found from the relations

Eb* _ E.b*
TURA - ) U121 - ) (14)

where v, and v, are the corresponding Poisson ratios. For
elastomeric materials, such as would be used for manufac-
turing a practical compliant wall, the Poisson ratio is usually
very close to (0.5. It is therefore assumed v, = v. = 0.5. A
reasonable model for B,_ is given by

B. = VBB. (15)

As well as Eq. (7)., we enforce continuity of motion between
the fluid and wall. The linearized streamwise. normal, and
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spanwise continuity equations are given by

o du,

5 =Uu+ 7 dy (16)
m _
o =Y (17)
9 _
Pl (18)

It is assumed that the swivel-arm, or rib, for a given element’s
orientation is such that the streamwise and normal wall motion
will have a much greater freedom of motion than the span-
wise. This suggests that { << v, & so we let { = . From Eq.
(18) we then find that the spanwise fluctuation at the wall is
zero, or w = 0. This is a reasonable approximation and is in
agreement with the characteristics of the Grosskreutz coating
under consideration. An alternative wall might consist of stiff-
ening fibers embedded in a softer matrix. In this case. this
simplification may not hold. It has been found in other cal-
culations that this freedom in the spanwise direction leads to
slightly larger instability growth rates as compared with the
model considered in the present paper.

The equations of motion for the surface are coupled by a
relationship between the streamwise and normal displace-
ments (£,m) and the angular displacement (86) such that

& = €36 sing, n = €86 cosd (19)
The displacement of the surface may be represented in the
same normal mode fashion as the velocity and vorticity. If
these relationships are substituted into the equation of motion
for the wall, its nondimensional form is given by

[= Cpw? + (Cp cos'd + 2C,,. sin*d cos’d

+ Cp. sin*d)y* cos?0 + C,c + Coy*sin’0 cos2d]

= —pcos’0 + G cos’0 + 7sinb cosd (20)
where
B, _ B. ~ B.
Cp = pU,5*% Cpee = pU, 3" Cp. = pU. 5%
Pub K&* . Eb
= Y= ) C, == 21
Cm 06 Ed K pl/; 7 pU": 87;: ( )

Similarly, substitution of solutions of the form of Eq. (1) into
the streamwise and normal continuity equations. Egs. (16)
and (17), gives
[U(0) cost + iw sinb]f = —a(0) cosd (22)
fo = H(0) (23)
The viscous stresses and pressure fluctuations at the wall are
obtained from the fluid equations of motion. This leads to
three boundary conditions for the normal velocity and normal
vorticity fluctuations given by
Y[(Cpycos*d + 2C,,. cos2dsin’d + . sind) cos 0 (0)]

+ ¥ C, sin%0 cos b ()]

. 1
+ vH{[2w sin® — 3iU/(0) cosd] cosh cosd % (0)

. l
— [U(0) cost + iw sind] sind sind cosd R [cosdbQ'(0)
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+ sind? (O]} + Vi(Cx — 02Cy)0"(0) +[U(0) cosd

1 - . g
+ iw sinB] sind R P'(0)} + {—iw cosh sind cosdpd'(0)

1
+ i[UL(0) cos® + iw sin®] cosb cosd R P"(0)} = 0 (24)

v cosd[UL(0) cosh + im sinb]P(0) + w cosdd’(0) = 0 (25)

Q(0) + tandd’'(0) = 0 (26)

To simulate the rigid wall case, we let C,, — . In this way
the above boundary conditions reduce to that for the rigid
plate.

III. Numerical Method

In this section we consider the numerical approach used to
solve the system of equations and boundary conditions rep-
resenting linear transition over a compliant wall. The ap-
proach is a local-shooting method. Although spectral methods
have distinct advantages and have been employed by the au-
thors and a number of other investigators, the local method
proves to be much faster computationally and more suitable
for the present study.

The Orr-Sommerfeld and Squire’s equations, Egs. (9) and
(10), respectively, may be arranged into the following system
of first-order ordinary differential equations:

Y 0 —a 0 —a 0 0\ (V"

% 10 0 0 0 0|

vl _fo 1 0 0 0 o]
Pi%{=lo o 1 0 o ojs[ &

ol lo 0 0 —a 0 -af O

Q 0O 0 0 0 0 1 Q

This is the appropriate form for the Runge-Kutta integration
routine. In general, the form of the boundary conditions for
the above system given by Eqgs. (24-206) is

@ 9'(0) + a&9"(0) + @"(0) + a,Q'0) =0 (28)
a»(0) + a»'(0) = 0 (29)

Q) + ap'(0) =0 (30)

At the wall the general solution for the sixth-order system
may be written

I 1 0 0
b 0 1 0
v’ 0 0 0
v = A, 0 + A, 0 + -+ A, 0 (31
93 0 0 0
QO 0 0 ' 1

Using the boundary conditions, Eqs. (28-30), three of the
unknown coefficients may be eliminated giving three linearly
independent solutions in the form

" 0
1

< <
=
= o
o<

ar

Vi

<>

L =A¢ ) y+ BTy + C( L (32)
v Vi 2 Vs
(}’ f) E) 1
QO Q, O, Q,
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where
v = —ala, by = —aya, b, = —a/a,
D, = —agasv D, = —aash, b, = —ajad!
Vi = —aeasvy, Vo = —dgasVs, Uy = —aad;
0, = —a¥, Q, = —a,b;, Q, = —a,b;

Beginning with these vectors at the wall, we integrate across
the boundary layer using a Sth-order Runge-Kutta scheme.
Linear independence is maintained using Gramm-Schmidt or-
thonormalization. The orthonormalization is implemented
whenever a vector’s magnitude exceeds 10%. A final ortho-
normalization is applied at the outer edge of the boundary
layer.

Outside the boundary layer, the solutions satisfying the
boundary conditions at infinity, Eq. (11), may be written

? = Be " + B.e ™ (33)
Q = Be ™ (34)

where

Y= V¥ ¥ iR{ycosd — w),  Re(y} >0

The numerical solutions are matched with the three linearly
independent solution vectors formed from Egs. (33) and (34)
at the edge of the boundary layer. This gives a 6 x 6 ho-
mogeneous system of equations for the unknown coefficients,
A, B, C, B,, B,, and B;. For a nontrivial solution, the de-
terminant of the system must be zero. At a given Reynolds
number and frequency, the wave number is altered until this
condition is met.

The focus of this paper is on the evolution of the Tollmien-
Schlichting waves as they grow and decay. Traveling-wave
flutter, which is a class B instability, is marginally stable for
the selected wall properties. However, this instability is also
monitored to determine if it remains marginally stable in the
three-dimensional case. An asymptotic theory due to Car-
penter and Gajjar® may be used for this purpose.

IV. Results

In all of the cases considered, the freestream velocity U,
is 20 m/s, the density p is 1000 kg/m®, and the kinematic
viscosity v is 1 X 107° m*s. The coatings that will be used
in evaluating the effect of compliance on three-dimensional
instabilities consist of an isotropic and a nonisotropic wall.

The wall properties have been optimized using the proce-
dure described by Carpenter and Morris.'"” The procedure
consists of requiring that the TWF and static divergence are
marginally stable based on an asymptotic theory. A remaining
free parameter that depends on the wall properties is then
varied to obtain the minimum Tollmien-Schlichting growth
rate at a given Reynolds number. For the majority of the
present calculations, this Reynolds number is R;. = 2240.
However, some calculations have been performed for walls
with the Tollmien-Schlichting growth rates minimized at
R;. = 5000. The wall properties are given in Table 1. For
convenience, the different cases are referred to as walls 1, 2,
and 3. The results of the two-dimensional instability calcu-
lations over these coatings and the rigid wall are used for a
comparison with the present three-dimensional results. In the
present paper, we also consider the development of three-
dimensional instability waves over walls with both isotropic
and orthotropic plates. The properties for the isotropic plate
are direction independent and E. = E. = E,. The ortho-
tropic plate has £. = 0 and so is very compliant in the span-
wise direction. This gives four coating combinations of inter-
est. These cases will be referred to as the isotropic wall/isotropic
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Table 1 Optimal wall properties, R, denotes the value of R;. at
which the Tollmien-Schlichting growth rates are minimized

6, deg Roin b, mm E., MN/m? K. GN/m*
Wall 1 0 2240 0.735 1.385 0.354
Wall 2 60 2240 0.111 0.509 0.059
Wall 3 60 5000 0.334 0.507 0.0197
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Fig.2 Two-dimensional growth rates as a function of frequency; rigid
wall, ——; compliant walls, 8 = 0 deg, —-O—; 0 = 60 deg, ~ X —; R;.
= 2240.
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Fig. 3 Growth rates as a function of frequency for a 6 = 0 deg wall/
isotropic plate, R,. = 2240; oblique wave angles &,; 0 deg, ——; 10
deg, -+ 5 20 deg, ———; 30 deg, —-—; 40 deg, —O—; 50 deg, - X 3
60 deg, - A—; 70 deg, — X —.

* plate, isotropic wall/orthotropic plate, nonisotropic wall/iso-
tropic plate, and nonisotropic wall/orthotropic plate.

As a first case, we consider the three-dimensional insta-
bilities for a fixed displacement thickness Reynolds number
of 2240. The local formulation given by Eq. (8) is used. Thus
the growth rate in the direction normal to the wave front is
given by —+, Figure 2 shows the growth rates of the two-
dimensional waves for various frequencies for the compliant
walls 1 and 2 and a rigid wall. For the nonisotropic wall with
8 = 60 deg, the maximum growth rate is about 25% of that
for the rigid wall. The width of the unstable region is -~
R;. space is also reduced considerably for the compliant walls
as compared to the rigid surface. Figures 3 and 4 show the
growth rates as a function of frequency for various wave angles
¢ propagating over the same two compliant walls. For both
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Fig. 4 Growth rates as a function of frequency for a 6 = 60 deg
wall/isotropic plate; R;. = 2240 (for legend see Fig. 3).
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Fig. 5 Growth rates as a function of frequency for a § = 0 deg wall/
orthotropic plate; R;. = 2240 (for legend see Fig. 3).

coatings, the maximum growth rates are found for three-
dimensional waves with wave angles of 50—60 deg to the flow
direction. In the isotropic case, an approximately 60% in-
crease in growth rate over the two-dimensional case is found.
For the nonisotropic wall, the dominance of the three-di-
mensional waves is considerably reduced but is still quite
marked. The reduced sensitivity of the nonisotropic compliant
wall to three-dimensional waves compared to the isotropic
case can be attributed to the effects of irreversible energy
exchange between the wall and the disturbance due to the
work done by the fluctuating shear stress. Carpenter and
Morris'” showed that this energy exchange has a relatively
destabilizing effect on the Tollmien-Schlichting waves that
grows as 0 increases. This deleterious effect is reduced for
oblique waves owing to the reduced magnitude of the tluc-
tuating shear stress in the direction normal to the wave fronts.
This results in the relative improvement in terms of reductions
in the three-dimensional growth rates and range of unstable
frequencies for nonisotropic as compared to isotropic com-
pliant walls.

The increased instability of the three-dimensional waves is
caused by the reduced effective wall compliance for oblique
waves. Accordingly, Yeo™ and Carpenter™ have suggested
that increasing the compliance in the spanwise direction by
using an orthotropic plate may well reduce the growth rates
of the oblique waves. It is apparent from Fig. § that this
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strategy is successful for the isotropic wall/orthotropic plate
case. The three-dimensional waves are now no longer the most
unstable. However, the orthotropic plate used was £. = 0
that is the extreme case and may not be practical. For the
nonisotropic wall/orthotropic plate case illustrated in Fig. 6,
there is little change from the isotropic plate case shown in
Fig. 4. The reason for this is readily found from a consider-
ation of the equation of motion for the wall given by Eq.
(12). For the isotropic (6 = 0 deg) case, all the wave num-
ber dependent stiffness resides in the bending-stiffness terms
(B,8*n/ax*, etc.). For nonisotropic compliant walls with non-
zero 6, on the other hand, much of the wave number de-
pendent stiffness is also contributed by the induced-tension
term (E,3%/0x* sind cos®). For 8 = 60 deg, this second con-
tribution to the stiffness is relatively large and is, of course,
unaffected by the use of an orthotropic plate.

To confirm these local calculations, ¢* calculations have
been performed. Figure 7 shows curves of maximum ampli-
fication for two-dimensional waves in the frequency range of
interest for the compliant and rigid walls. These two-dimen-
sional calculations agree with Carpenter and Morris.'* Some
controversy exists as to which value of »n is the proper indi-
cation of transition. But if we choose a conservative value of
n = 7, a delay of approximately 4-5 times the rigid wall
transition Reynolds number may be realized. However, for
higher values of n, the advantages of the wall compliance
increase.
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x
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0.050 0.075 0.10
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R
6.000  0.025

Fig. 6 Growth rates as a function of frequency for a 6 = 60 deg
wall/orthotropic plate; R;. = 2240 (for legend see Fig. 3).
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Fig. 7 Two-dimensional curves of maximum amplification; rigid wall,
—; compliant walls, 6 = 0 deg, ———; 8 = 60 deg, ——.
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As discussed in Sec. II, the extension of the ¢ method to
the case of three-dimensional disturbances has yet to be re-
solved satisfactorily, even for rigid surfaces. A complete cal-
culation, appropriate for natural transition or forcing from a
point source, would involve locating the *‘zarf” for a given
frequency as defined by Cebeci and Stewartson.”” A fixed
frequency disturbance would then be followed in the direction
of the group velocity or propagation angle given by Eq. (5).
The total growth would be obtained by maximizing the axial
growth given by Eq. (6). Such a calculation is computationally
expensive. However, for the walls considered here the prop-
agation angle is relatively small. For example, Fig. 8 shows
the propagation for the isotropic wall 1 and frequency param-
eter Fr = o/Rs. = 30.22 as a function of Rs.. Also shown
are the wave angle ¢, = tan~!(f/a,) for maximum axial
growth rate and the axial growth rate —a,. It can be seen
that ¢ has a maximum of 0.14 at the lower branch and rapidly
decreases with increasing R;.. In the region of maximum axial
growth, ¢ is less than 0.01. These calculations are for , = 0
but are similar for other values of B,. Thus, in the present e”
calculations, a good estimate of the overall axial growth is
given by '

no= w(AIA) = — f a,(x') dx’ (352)
where
do; _ _
a0 B=0 (35b)

The value of x, is obtained by starting the calculations on the
two-dimensional neutral curve for a given frequency. The
spanwise wave number is then varied to find its value for
maximum axial growth rate. Finally, the Reynolds is reduced,
keeping de/0B, = 0 until the value of o, = 0. This is very
close to the location of the zarf defined by Cebeci and Stew-
artson.”

Figure 9 shows e calculations for three-dimensional dis-
turbances over the isotropic wall 1 based on Eq. (35). As
might be expected from the local calculations presented ear-
lier, the overall growth with the orthoptropic plate is less than
that for the isotropic plate. The amplitude ratio factor for Re,
= 0.25 x 10° is considerably less for the orthotropic plate.
This is close to the Reynolds number at which the plate prop-
erties were optimized. Once again, choosing a conservative
value of n = 7 to indicate transition, the three-dimensional
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min

calculations indicate a factor of three delay in transition com-
pared to the rigid wall. The two-dimensional calculations, also
shown in Fig. 9, indicate a factor of four transition delay.

Similar calculations are shown for the nonisotropic wall 2
in Fig. 10. As expected from the local calculations, Figs. 4
and 6, there is almost no difference between the isoptropic
and orthotropic plate cases. The transition delay is predicted
to be slightly greater for this wall than the isotropic wall shown
in Fig. 9. However, the delay is less than that predicted for
the two-dimensional disturbances.

Figure 11 shows the amplitude ratio factor for the noniso-
tropic wall 3. In this case, the wall properties were optimized
at Ry. = 5000 (see Table 1). The initial growth is similar to
the rigid wall case. This shows that the higher frequency inst-
abilities are relatively unaffected by the change in wall prop-
erties. However, by optimizing the wall properties at a higher
local Reynolds number, it can be seen that the amplitude
ratio is maintained at a nearly constant level, below the critical
value of 7, for a large axial distance. This trend was observed
in the two-dimensional calculations and continues to be cvi-
dent when three-dimensional disturbances are considered. It
is clear that a surface that had properties that varied in the
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Fig. 11 Two- and three-dimensional curves of maximum amplifica-

tion; rigid wall, ——; compliant walls, two-dimensional 6 = 60 deg,
———; three-dimensional 8 = 60 deg, isotropic plate, ——; R, =
5000.

streamwise direction, perhaps by the use of short sections
with different properties, could lead to additional increases
in the predicted transition delay.

To this point we have neglected any consideration of TWF.
In this we have assumed that this instability wave remains

.marginally stable and transition continues to be governed by

the Tollmien-Schlichting instability growth. Carpenter and
Gajjar® performed a temporal analysis based on an asymp-
totic theory to examine the instability of oblique TWF modes.
For the walls considered here, it is shown that TWF remains
marginally stable with a very small region of weakly unstable
wave numbers. The oblique waves are found to be more stable
than the two-dimensional ones. As was stated in the modal
classification, mechanisms that destabilize class A waves tend
to stabilize class B waves. Calculations with the orthotropic
plate show a slight destabilizing effect over the isotropic plate
case. Nevertheless, the effect is relatively small, and the re-
sults suggest that there would be no problem with TWF if
orthotropic plates were to be used.

V. Conclusions

The present paper has considered the growth of three-di-
mensional disturbances over various models of compliant walls.
For all the coatings considered the largest growth rates were
obtained for three-dimensional Tollmien-Schlichting waves.
Two methods of examining the effects of three-dimensionality
were considered. In the first, the local growth rates in the
direction normal to the wave tronts was examined. This simple
calculation allows the different compliant walls and their ef-
fect on three-dimensional disturbances to be examined. How-
ever, for the ¢ calculations the overall axial growth was ob-
tained at a given frequency by following the wave with the
maximum axial growth rate in the axial direction. This is
justified since the group velocity angle is very small. except
near the lower branch where the growth rates are themselves
small.

The calculations showed signtficant transition delays could
be achieved even if three-dimensional disturbances were in-
cluded in the calculation. However, in all cases the delays
were less than those predicted using a two-dimensional anal-
ysis. It is difficult to assess how good an approximation to the
overall amplification is provided by the present calculations
or the complete Cebeci-Stewartson analysis. This matter would
be best resolved by considering an appropriately formulated
initial value problem. In this case. the development of dis-
turbances from a prescribed source, caused perhaps by a sur-
face imperfection, would be calculated. However, the present
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calculations do indicate that the three-dimensional disturb-
ances are critically important in transition over compliant walls.

The calculations showed that anisotropic walls gave larger
predicted transition delays than the isotropic walls. The use
of an orthotropic plate in the isotropic wall case improved
the local performance of the coating but did not change the
predicted transition by a significant factor. It was shown that
different transition delay characteristics could be obtained by
optimizing the wall properties at different Reynolds numbers.
This suggests that additional transition delays could be achieved
by changing the wall properties in the axial direction. This
has been examined recently by Carpenter’! for two isotropic
panels in series.

Finally, it was noted that oblique traveling-wave flutter
instabilities have been found to remain marginally stable for
all walls studied. So, as with the previous two-dimensional
investigations, the Tollmien-Schlichting instabilities dominate
transition.

The present analysis has considered three-dimensional pri-
mary instabilities. Further investigations are under way with
these coatings. This includes wall property optimization for
three-dimensional waves and the effect of wall compliance on
secondary instabilities, Joslin and Morris.*
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